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Pareto distributions
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retrouver cette tendance dans 
les nombreux exemples que nous 
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Un autre fait, tout aussi, et 
même plus remarquable, c'est 
que les courbes de la réparti-
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et en Irlande, présentent un parallélisme à peu près complet. 
Ce fait est à rapprocher d'un autre, que nous allons bientôt 
constater: les inclinaisons des lignes mm, pq obtenues pour dif-

(958) 1 C'est-à-dire que la courbe réelle est interpolée par une droite 
dont l'équation est 
(1) log N = log A - ",log X. 

L'équation générale de la courbe est peut-être 

(2) log = log A - ", log (a + x) - ; 
mais ce n'est que dans un seul cas (Oldenbourg) que nous avons trouvé 
une valeur appréciable pour f3. Il est donc fort probable que f3 est, en gé-
néral, négligeable, et qu'on a simplement 

(3) log N = log A = ", log (a += x). 
Quallli il s'agit du revenu total, a est aussi, en général, fort petit et le 

plus souvent, de l'ordre des erreurs d'observation. Nous sommes donc 
ainsi ramené à l'équation (1). 
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▶ 1890s, tax tabulations: Pareto plots N of people
with incomes ≥ x :

logNincome≥x = C − α log x .

▶ Same log linear relationship, differing α ∈ [1, 3]:
▶ Semifeudal Prussia
▶ Victorian England
▶ Capitalist but highly diversified Italian cities
▶ Communist-like regime of the Jesuits in Peru

under Spanish rule, etc.

▶ With Pareto:
▶ No scale. US: y50 = $51, 939 < yav = $72, 641.
▶ Long tails. Top 1% gets ≈ 20% of pre-tax income.
▶ Constant elasticity: d logN≥x/d log x = −α

Pareto ̸= bell-shaped curve. Few empirical
regularities in economics.
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Pareto tail for US labor incomes, 2008

Year: 2008 −− Slope: −1.94
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Source: Statistics of Income, Public Use Sample
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Pareto tail for US labor incomes, 1968

Year: 1968 −− Slope: −3.01

−
6

−
5.

5
−

5
−

4.
5

−
4

−
3.

5
−

3
−

2.
5

−
2

−
1.

5
−

1
−

.5
0

Lo
g 1

0 
S

ur
vi

vo
r

2.5 3 3.5 4 4.5 5 5.5 6 6.5 7 7.5
Log10 Labor Income ($)

Labor Income ($) Fitted values

3 / 40



Net monthly wage distribution, France 2023

Source: Insee Première n°2020, december 2024. Private sector.
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Net monthly wage distribution, France 2022, top 10%

Source: Insee Première n°2020, december 2024. Private sector.
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Zipf’s law for firm sizes
Distribution of US firm sizes. Source: Axtell (2001).

Slope: 2.059 (density) ⇒ Tail coeff: 1.059 . ”Zipf’s law”.
R E P O R T S
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19.0 (21.8 for firms larger than 0). Clearly,
the COMPUSTAT data are heavily censored
with respect to small firms. Such firms play
important roles in the economy (75, 16).

For further analysis, I used a tabulation from
Census in which successive bins are of increas-
ing size in powers of three. The modal firm size
is 1, whereas the median is 3 (4 if size 0 firms
are not counted) These data are approximately
Zipf-distributed {a = 1.059), as determined by
ordinary least squares (OLS) regression in log-
log coordinates (Fig. 1). There are too few very
small and very large firms with respect to the
Zipf fit, presumably due to finite size effects,
yet the power law distribution well describes
the data over nearly six decades of firm size
(from 10° to 10* employees). This result sug-
gests both that a common mechanism of firm
growth operates on firms of all sizes, and that
the fundamental unit of analysis is the individ-
ual employee.

But firms having a single employee are
not the smallest economic entities in the U.S.
economy. Although there were some 5.5 mil-
lion firms that had at least one employee at
some time during 1997, there were another
15.4 million business entities in that year
with no employees. These are predominantly
self-employed individuals and partnerships,
and are called "nonemployer" firms by Cen-
sus. These smallest of firms account for near-
ly $600 billion in receipts in 1997. Yet, if
these firms are included in the overall firm
size distribution, the Zipf distribution still fits
the data well. To see this, Eq. 1 must be
modified to accommodate firms having no
employees

= ( ; ^ ) , ^ ¡ ^ 0 , a > 0 (2)

Table 2. Power law exponent for U.S. firms in
1992, firms with employees and all firms. Results
using OLS regression on Census data, with stan-
dard errors in parentheses.

Type Estimated a Adjusted

Firms with employees 0.994 (0.043) 0.995
All businesses 0.995 (0.031) 0.994

Fig. 1. Histogram of U.S. firm sizes,
by employees. Data are for 1997
from the U.S. Census Bureau, tab-
ulated in bins having width in-
creasing in powers of three (30).
The solid line is the OLS regression
line through the data, and it has a
slope of 2.059 (SE = 0.054; adjust-
ed R̂  = 0.992), meaning that a =
1.059; maximum likelihood and
nonparametric methods yield sim-
ilar results. The data are slightly
concave to the origin in log-log
coordinates, reflecting finite size
cutoffs at the limits of very small
and very large firms.

Here, OLS yields an estimate of a = 1.098
(SE = 0.064), and the adjusted R^ = 0.977.
Including self-employment drives the aver-
age firm size down to 5.0 employees/firm,
and makes the median number of employees
0.

An interesting property of firm size distri-
butions noted in previous studies of large
firms is that the qualitative character of such
distributions is independent of how size is
defined (7). Although the position of individ-
ual firms in a size distribution does depend on
the definifion of size, the shape of the distri-
bution does not. This also holds for the Cen-
sus data. Basing firm size on receipts, a Zipf
distribution describes the data (a = 0.994)
(Fig. 2). Here, modal and median firm reve-
nues are each less than $100,000, and the
average is $173,000/firm.

As a further test on the robustness of these
results, I repeated these analyses for Census
data from 1992. Average firm size was slight-
ly smaller then, at 20.9 employees/firm (ex-
cluding size 0 firms). But overall, the Zipf
distribudon is as strong (Table 2).

Virtually all U.S. firms experienced sig-
nificant changes in revenue and work force
from 1992 to 1997. Thus, individual firms
migrated up and down the Zipf distribution,
but economic forces seem to have rendered
any systematic deviations from it short-lived.
Even the substantial merger and acquisition
activity of this period seemed to have little

1

10-1

i 10-3

2o.
10-5

10-«
10" 10^ 108

Receipts (1997$)
1010

Fig. 2. Tail cumulative distribution function of
U.S. firm sizes, by receipts in dollars. Data are
for 1997 from the U.S. Census Bureau, tabulat-
ed in bins whose width increases in powers of
10. The solid line is the OLS regression line
through the data and has slope of 0.994 (SE =
0.064; adjusted R̂  = 0.976).

effect on the overall firm size distribution.
There are a variety of stochastic growth

processes that converge to Pareto and Zipf
distribufions (7, 5, 77,18). Empirically, there
is support for Gibrat-like processes in which
average growth rates are independent of size
{19, 20) and growth rate variance declines
with size (27, 22). Consider a variation of the
Gibrat process known as the Kesten process
{23-25), in which sizes are bounded from
below; i.e.,

s,{t + I) = max[so,y{t)sM] (3)
where 7 is a random growth rate. For nearly
any growth rate distribution, this process
yields Pareto distributions that have the ex-
ponent Oi defined implicitly by {26)

N =
a - 1

(4)

where N is the total number of firms and A is
thenumberof employees. For A'̂ = 5.5 X 10''
and ^ = 105 X 10^ as in 1997 (excluding
self-employment), SQ = 1 implies a = 0.997,
a value close to my empirical finding. Similar
results are obtained for each year back
through 1988 (Table 3).

Table 3. Theoretical power law exponents for U.S. firms over a 10-year period. Note that even though
the number of firms and total employees each increased over this period, as did the average firm size, the
value of a was approximately unchanged.

Year

1997
1996
1995
1994
1993
1992
1991
1990
1989
1988

Firms

5,541,918
5,478,047
5,369,068
5,276,964
5,193,642
5,095,356
5,051,025
5,073,795
5,021,315
4,954,645

Employees

105,299,123
102,187,297
100,314,946
96,721,594
94,773,913
92,825,797
92,307,559
93,469,275
91,626,094
87,844,303

Mean firm size

19.00
18.65
18.68
18.33
18.25
18.22
18.28
18.42
18.25
17.73

a, from (4)

0.9966
0.9986
0.9983
1.0004
1.0008
1.0009
1.0004
0.9995
1.0006
1.0039

Viiww.sciencemagorg SCIENCE VOL 293 7 SEPTEMBER 2001 1819
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Theories of Pareto distributions in Economics
Why Pareto? May reflect some fundamental economic principle:

1. Pareto distributed primitives. Explain one Pareto with
another Pareto.

▶ Lucas (1978), Kortum (1997), Melitz / Chaney (2008),
Gabaix, Landier (2008), etc.

2. Paretos from random growth models.

▶ Champernowne (1953), Simon, Bonini (1958), Kesten (1973),
Gabaix (1999), Gabaix, Lasry, Lions, Moll (2016), Jones, Kim
(2016), etc.

3. New from this paper: Paretos from production
functions. Assignment models with positive sorting, with a
special form of production function.

▶ Presentation: Garicano (2000) model.
▶ Property of the production function, not of specific

microfoundations.
▶ Another example: Geerolf (2015).
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This paper
▶ Production function derives from a particular version of

Garicano (2000). Under limited assumptions on the skill
distribution:

▶ L layers of hierarchy = Pareto tail for span of control with
coefficient:

αL = 1 +
1

L− 1
, α2 = 2 , α+∞ = 1 .

⇒ a new theory of Zipf’s law for firm sizes.

▶ Pareto tail for labor incomes, with βL ∈ [1,+∞], when top
skills are scarce enough.

▶ Data supports these predictions: French matched
employer-employee / known US data.

▶ Taking competitive assignment models to the extreme, where
wages are a convex function of skills. (Sattinger (1975)) Here:
wages are Pareto with a bounded support for skills.
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A Garicano (2000) Economy 1/2
▶ Agents: continuum, measure 1. 1 unit of time.

▶ 1 good. 1 unit of time → 1 good.

▶ Agents: different exogenous skills. Agent with skill x can
solve ”problems” in [0, x ].

▶ Distribution of skills x : c.d.f. F (.), density f (.) on [1−∆, 1].

∆: Heterogeneity in Skills.

F (.): Skill Distribution.

▶ Workers encounter problems in production. Draw a unit
continuum of different problems on [0, 1] in c.d.f. G (.),
uniform w.l.o.g. :

▶ When they know the solution: produce 1 unit of the good.

▶ When they don’t: can ask someone else for a solution.
h < 1: manager’s time cost to listen to one problem.

h: Helping Time.
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A Garicano (2000) Economy 2/2

▶ Assumption 1: x unknown.

▶ Assumption 2: h low enough: always hierarchies.

▶ Assumption 3: one manager with time 1 at the top.

12 / 40



Environment

Span of control with 2 layers

Span of control with L layers - Zipf’s law

Empirics

Labor income distribution

Conclusion

12 / 40



Imposing 2 layers
▶ Planner’s problem. Planner maximizes total output.

▶ Occupational cutoff: z2 splits managers (high x) and workers
(low x).

▶ Workers x fail to solve 1− x problems. Time supervising
worker x : h(1− x). Span of control of a manager hiring
workers with skill x :

n =
1

h(1− x)

▶ Output Q(x , y) jointly produced by manager with skill y
hiring workers with skill x :

Q(x , y) =
y

h(1− x)
⇒ ∂2Q(x , y)

∂x∂y
=

1

h(1− x)2
> 0

▶ Complementarities ⇒ Positive sorting. y = m(x),
m′(x) > 0.
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Uniform distribution

Workers

1-Δ 1 skill

z2

y = m(x)

y

Managers

x

▶ m(.) ensures market clearing for time:

f (y)dy = h(1− x)f (x)dx ⇒ f (m(x))m′(x) = h(1− x)f (x).

▶ z2, m(.) unknowns. Boundary value problem:

m(1−∆) = z2, m(z2) = 1.

▶ Assume for a moment that f (x) = 1/∆ on [1−∆, 1]. Then
1-x is a uniform distribution on [1− z2,∆]. What is the
distribution of span of control:

n(y) =
1

h(1− x)
.
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Mathematical Result: Inverse of a Uniform on [∆2,∆]

Lemma

If U ∼ Uniform ([∆2,∆]), then
1/U ∼ Truncated Pareto (1, 1/∆, 1/∆2).

▶ Assume fU(u) = 1/(∆−∆2) on [∆2,∆]. The ”tail function”
(complementary c.d.f) of 1/U is:

F̄1/U(x) ≡ 1− F1/U(x) = P
[
1

U
≥ x

]
= P

[
U ≤ 1

x

]
=

∫ 1/x

∆2

fU(u)du

F̄1/U(x) ≡ 1− F1/U(x) =
1
x −∆2

∆−∆2
.

▶ Inverse of a Uniform on [0,∆] = full Pareto with tail
coefficient 1.
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Mathematical Result 2: Inverse of a Uniform on [∆2,∆]
▶ Span of control of manager y hiring workers with skill x :

n(y) =
1

h(1− x)

▶ If f (.) is uniform, 1− x is a uniform distribution over
[1− z2,∆].

▶ I show that:

1− z2 =

√
1 + h2∆2 − 1

h
∼∆→0

h

2
∆2.

▶ Thus the size-biased distribution is a Truncated Pareto (1).

▶ Size-biased distribution: a firm with 100 employees is counted
100 times. ⇒ Overstating fattailedness.

▶ Size-biased distribution is Truncated Pareto (1) ⇒
distribution is Truncated Pareto (2):

fS(x) ∼
1

x2
and fS(x) ∼ xf (x) ⇒ f (x) ∼ 1

x3
.
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Pareto plot
Example: h = 70%, f (.) uniform with ∆ = 30%, 10%, 2%.
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Non-uniform distribution

▶ What happens if f is not uniform?

▶ Example with an increasing distribution.

Uniform

f(.)

11-Δ

Δ

1/Δ

x

Increasing

f(.)

11-Δ

Δ

2/Δ

x
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Non-uniform distribution
▶ ”blowing up” of the denominator ⇒ under some regularity

conditions on f (.), works also if not uniform.

▶ If fX (0) ̸= 0 (some mass at 0), then Pareto tail:

1− F1/X(x) =

∫ 1/x

0
fX (u)du ∼+∞

fX (0)

x
.

▶ Example with a linear increasing density.
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Relaxing f (1) > 0

▶ If f (1) = 0. Illustration: polynomial functions:

f (x) =
ρ+ 1

∆ρ+1
(1− x)ρ if x ∈ [1−∆, 1]
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Relaxing f (1) > 0

▶ Closed-form for span of control. Truncated Pareto(2 + ρ):

n(y) =
1

h

[
1

h

ρ+ 2

ρ+ 1
(1− y)ρ+1 + (1− z2)

ρ+2

]− 1
ρ+2

.

▶ Do not appear in the upper tail, as smaller however.
Maximum size n̄ is such that:

n̄(ρ > 0)

n̄(ρ = 0)
= ∆

ρ
ρ+1 →∆→0 0.

▶ If f (1) = 0, sufficiently regular, i.e. Taylor with ρ < +∞:

f (x) = A(1− x)ρ + O
(
(1− x)ρ+1

)
, with A > 0.

then similarly, weak form of truncated Pareto(2 + ρ). Also
smaller.
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Relaxing f (1) > 0 - example: Beta(1,1)
▶ Higher tail coefficients, but smaller firms which do not appear

in the upper tail.
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Occupational choice, given L

▶ In equilibrium, agents split into L types according to their skills
in [1−∆, 1] = [z1, zL+1], and form a hierarchical organization:

Workers

1-Δ 1 skill

z1 z2 z3

x2 = m(x1)

x2

Managers
of type 2

zL+1

Managers
of type L

zL xL.    .    . xL-1

xL-1 = e(xL)

Managers
of type L-1

x1
zL-1
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Firm with L = 3 layers

Workers Manager of type 2

Manager of type 3
Firm 1 (Most Productive)

Skill

(CEOs)
Firm 2
Firm 3 (Least Productive)

1-Δ

1

x1 x2

x3

▶ Positive Sorting.

▶ Span of control of manager of type 2 x2 (same):

n2→1(x2) =
1

h(1− x1)
⇒ f (x2)dx2 = h(1− x1)f (x1)dx1.

▶ Intermediary Span of control of manager of type 3 x3:

n3→2(x3) =
1

h
1− x2
1− x1

⇒ f (x3)dx3 = h
1− x2
1− x1

f (x2)dx2.
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Firm with L = 3 layers
▶ Total span of control of manager of type 3 x3:

n3→1(x3) = n3→2(x3)n2→1(x2) =
1

h2(1− x2)
.

▶ Previously we had:

f (x2)dx2 = h(1− x1)f (x1)dx1 ⇒ 1− x2 ∼ (1− x1)
2.

▶ Now we have:

f (x3)dx3 = h
1− x2
1− x1

f (x2)dx2 ⇒ 1− x3 ∼ (1− x2)
3/2.

▶ Intuitively, exponent on the matching function gives the tail
index of the Pareto, thus:

α3 =
3

2
.
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Any L
▶ First layer always special with:

m′(x1)f (m(x1)) = h(1− x1)f (x1).

▶ Subsequent layers l ∈ [2, ..., L− 1] with conditional probability:

m′(xl)f (m(xl)) = h
1− xl

1−m−1(xl)
f (xl).

▶ Matching the more skilled and less skilled:

▶ L− 1 initial conditions.
▶ L− 1 equations for occupational cutoffs.

▶ Equilibrium number of layers: fixed cost, or indivisibility with
a discrete number N of agents:

L = max
L

{
L s.t. 1− zL ≥ 1

N

}
.
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Zipf’s law for firm sizes

▶ Total span of control n(xL) ≡ nL→1(xL) is given by:

n(xL) = nL→L−1(xL) ∗ nL−1→L−2(xL−1) ∗ ... ∗ n2→1(x2)

n(xL) =
L−1∏
l=1

nl+1→l(xl).

▶ Generalizing α2 = 2 and α3 = 3/2 by iteration, the tail
exponent for n(xL) is:

αL = 1 +
1

L− 1
.

▶ When L → ∞, Zipf’s law for firm sizes:

α+∞ = 1 .
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Many layers

2 layers

3 layers

4 layers
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Higher level of disaggregation
Using French matched employer-employee data, and Caliendo,
Monte, Rossi-Hansberg’s (JPE, 2015) methodology.

▶ Use of ”PCS-ESE”: Profession Catégorie Socioprofessionnelle.

▶ First Digit Corresponds to one of 6 categories:

1. Farmers
2. Self-employed / Owners: Plumbers, film directors, CEOs.
3. Senior staff or top management positions: CFOs, heads of

HRs, purchasing managers.
4. Employees at the supervisor level: Quality control

technicians, sales supervisors.
5. Clerical, white-collar employees: Secretaries, HR or

accounting, sales employees.
6. Blue-collar workers: Assemblers, machine operators,

maintenance workers.

▶ Form ”teams” in establishments, dividing the # of employees
in a layer by the # of employees in the layer above.
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French DADS - Distribution of ”teams”

▶ Data lends support to Zipf’s law as compounding of
elementary Pareto (2) ̸= Random Growth .
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French DADS - establishments per firms

Workers Establishment Managers

Headquarter Layers

Skill

1-Δ

1

▶ Pareto on most of the range consistent with the model: the
uniform distribution = better approximation locally.
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Distribution of US firms and establishments. Source:
Census bureau.

▶ Equivalent for the US? Establishment Level.
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Assignment equation
▶ Skill prices w(.) decentralizing optimal allocations:

w(y) = max
x

y − w(x)

h(1− x)
.

▶ Envelope condition:

w ′(y) =
1

h(1− x)
= n(y) ⇒ dw(y(n))

dn︸ ︷︷ ︸
∆Wages

= n(y(n))︸ ︷︷ ︸
Size

y ′(n)︸ ︷︷ ︸
∆Talents

.

▶ Comparison:

▶ Gabaix, Landier (2008). Small differences in talent across
managers, large and Pareto firm sizes ⇒ Large differences in
pay.

▶ This paper: Small differences in talents across workers and
managers ⇒ Large differences in pay. (through endogenous
large and Pareto firm sizes)
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Integrating truncated Pareto distributions

▶ Slight difference: Zipf’s law is truncated ⇒ hypergeometric
functions instead of exact Pareto distributions.

▶ Example:

f (x) =

{
A1 if x ∈ [1−∆1 −∆2, 1−∆2]
A2(ρ+ 1)(1− x)ρ if x ∈ [1−∆2, 1]

▶ Comparative statics shown 2 layer case, where this is an
hypergeometric function:

w(y) = w(z2) +

∫ y

z2

du

h

√
(1− z2)2 +

2

h

A2

A1
(1− u)ρ+1

.
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Reduced form VS full model

Apart from positive aspects is a reduced form approach sufficient?
Not always.

▶ Calculate all wages. ”Trickle-down” effects.

▶ Relate change in firm sizes to deep parameters. Here h
and ∆ shift the distribution out.

▶ And: truncation is key for comparative statics of the Pareto
distribution:

▶ Gabaix and Landier (2008) attribute the 5x increase in CEO
compensation to a 5-fold in the scale. h or ∆.

▶ Difficulty: α = −3 in 1970s to α = −1.8 now. In Gabaix and
Landier (2008), α is constant.
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Labor income distribution: effect of a decrease in h (IT?)
▶ Gabaix, Landier (2008): if skill distribution does not change,

Pareto coefficient does not change.

▶ Not true in this paper when h diminishes (IT?).
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Telling theories of income apart: Dynamics
1. Pareto distributed primitives (Lucas (1978), Mirrlees (1971)).

But Francis Galton: mental abilities normally distributed.

2. Paretos from random growth models. (Gabaix, Lasry, Lions,
Moll (2016))

3. Paretos from production functions. Small shocks to y .
Non-linear mapping w(y).
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Guvenen, Karahan, Ozkan, Song (2016)
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Guvenen, Karahan, Ozkan, Song (2016)
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Conclusion: coming back to Axtell (2001)
What does not matter for heterogeneity under a power law
production function

38 / 40



Conclusion: coming back to Axtell (2001)
What matters for heterogeneity under a power law production
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Conclusion
▶ Main takeaways:

▶ Maths:
▶ U is Uniform (0,∆) ⇒ 1/U is Pareto (1, 1/∆).
▶ X goes through the origin ⇒ 1/X has a Pareto tail.

▶ Stylized model accounts for Pareto firm size and labor
income distribution, regardless of the ability distribution.

▶ New intuition for why firm sizes and labor incomes are so
heterogenous despite small observable differences: ”power
law change of variable near the origin”.

▶ Endogenous ”economics of superstars”.

▶ Future work:

▶ Other microfoundations for power-law production functions.

▶ In applied work, potential alternative to:

▶ Optimal taxation: Pareto distributed skills.

▶ Trade: Pareto distributed firm productivities.

▶ Misallocation: Pareto distributed manager/firm productivities.
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